Abstract. A famous result of Kostant states that the universal enveloping algebra of a semisimple complex Lie algebra is a free module over its center. We prove an analogue of this result for the class of special filtered algebras and apply it to show the freeness over its center of the restricted Yangian and the universal enveloping algebra of the restricted current algebra, associated with the general linear Lie algebra.
Introduction
A well-known theorem of Kostant [K] says that for a complex semisimple Lie algebra g the universal enveloping algebra U(g) is a free module over its center. For the Yangian Y(gl n ) of the general linear Lie algebra gl n the freeness over the center was shown in [MNO] . Another example of such situation gives the Gelfand-Tsetlin subalgebra Γ of U(gl n ) (see [DFO] , [O1] ). It was shown in [O2] that U(gl n ) is a free left (right) Γ−module. The knowledge of the freeness of a given algebra over its certain subalgebra often allows to establish other important results, e.g. to find the annihilators of Verma modules [Di] , to prove the finiteness of the number of liftings to an irreducible module over U(gl n ) from a given character of the Gelfand-Tsetlin subalgebra ( [O2] ), etc.
In [O2] was introduced a technique which generalizes Kostant methods ( [K] , see also [G1] ) and which allows to study the universal enveloping algebras of Lie algebras as modules over its certain commutative subalgebras. In the present paper we develop a graded version of the technique from [O2] which can be applied to a large class of filtered associative algebras. In particular, we apply our result to the restricted Yangians Y p (gl n ) of any level p and to the universal enveloping algebra of restricted current algebras of any level m, associated with the general linear Lie algebra, and show that these algebras are free as modules over their centers. A particular case of this statement for Y 2 (gl n ) was considered by Geoffriau ([G1] ) who showed that the universal enveloping algebra of a Takiff algebra is free over its center.
The structure of the paper is the following. In Section 2 we collect necessary known facts about Koszul complexes and complete intersections. In Section 3 we consider a filtered algebra U containing some commutative subalgebra Γ. We find sufficient conditions that guarantee the lifting of every character of Γ to a simple U -module. In Section 4 we establish the key result for special filtered algebras (Theorem 1) showing their freeness over commutative subalgebras generated by a sequence of elements whose graded images form a complete intersection for the associated graded algebra (equivalently, the corresponding characteristic variety is equidimensional of minimal possible dimension). This generalizes the Kostant theorem for semisimple Lie algebras. In Section 5 we apply Theorem 1 to the restricted Yangian of any level p for gl n and to the universal enveloping algebras of the restricted current algebras of any level m for gl n (Theorem 2 and 3).
Throughout the paper we fix an algebraically closed field k of characteristic 0. For an affine k-algebra Λ (i.e. associative and commutative finitely generated k-algebra) we denote by Specm Λ the variety of all maximal ideals of Λ. If Λ is a polynomial algebra in n variables then we identify Specm Λ and k n . dim Λ (= dim Specm Λ) means the Krull dimension. For an ideal I ⊂ Λ denote by V(I) ⊂ Specm Λ the set of all zeroes of I, V(I) = {µ ∈ Specm Λ|I ⊂ µ}. If I is generated by f 1 , . . . , f s then we write I = (f 1 , . . . , f s ) and V(I) = V(f 1 , . . . , f s ). The word "graded" always means "positively graded".
Koszul complex and complete intersections
The main sources of references related this chapter are [Ei] , [Ma] and [B] . Let U be an associative (not necessary commutative) algebra and
) of left U -modules is defined as follows. Let e 1 , . . . , e t be a standard basis of
where e j k means the omission of e j k . Let g = {g 1 , . . ., g t } ⊂ U be a sequence of mutually commuting elements, M = U with the natural structure of left U -module and a · X i = ag i , a ∈ U , i = 1, . . . , t. We denote the corresponding Koszul complex by
The sequence g is called a complete intersection for U (we say simply complete intersection if U is fixed) provided for K . (g, U ) holds H i (g, U ) = 0 for i = 0 and H 0 (g, U ) = 0, where
The sequence g 1 , . . . , g t in an affine algebra Λ is called regular, provided the class of g i is not a zero divisor and not invertible in Λ/(g 1 , . . . , g i−1 ) for any i = 1, . . . , t. A regular sequence is a complete intersection for Λ.
An affine algebra Λ is called a complete intersection, shortly CI , provided Λ ≃ A/I, where A is a polynomial algebra k[X 1 , . . . , X n ] and the ideal I is generated by a regular sequence g = {g 1 , . . . , g t } in A.
An affine algebra Λ is called Cohen-Macauley, shortly CM, provided for every ideal I ⊂ Λ holds depth I = codim I, where depth I is a length of maximal regular sequence, contained in I and codim I is a minimal codimension of irreducible components of V(I) in Specm Λ. If g 1 , . . . , g t is a sequence of elements in a CM algebra Λ such that V(I) is equidimensional for I = (g 1 , . . . , g t ) and codim I = t then Λ/I is CM ( [Ei] , Proposition 18.13). In particular, any CI algebra is a CM algebra. We will assume that a CI algebra Λ ≃ A/I is reduced, i.e. I is a radical ideal. Proposition 1. Let Λ be an affine algebra of dimension n and g = {g 1 , . . . , g t } a sequence of elements of Λ, 0 t n.
(1) ( [B] , §9, Proposition 6) Let g be a complete intersection for Λ, L ∈ GL t (Λ) and (h 1 , . . . , h t ) = (g 1 , . . . , g t ) · L. Then the sequence h 1 , . . . , h t is a complete intersection for Λ. (2) ( [Ma] , Theorem 16.5,(ii), [B] , §7, Corollary 2) If Λ is graded and g 1 , . . . , g t are homogeneous then g is regular if and only if g is a complete intersection. (3) ([Ma1] , Theorem 28) Let Λ be a graded algebra and g be a complete intersection for Λ consisting of homogeneous elements. Then any subsequence of g is a complete intersection. (4) Let Λ be a graded CM algebra, g consists of homogeneous elements and codim I = t, I = (g 1 , . . . , g t ). Then the sequence g is regular. (5) Let Λ be a CM algebra. Then g is a complete intersection for Λ if and only if the variety V(g 1 , . . . , g t ) is equidimensional of dimension n − t. (6) Let Λ be a CM algebra. Then g is a regular sequence if and only if every variety
Proof. It follows from [Ma] , Theorem 16.8, that for a sequence g = {g 1 , . . . , g t } in Λ, such that I = (g 1 , . . . , g t ) = Λ holds depth I = t − q, where q = max
Hence g is a complete intersection if and only if depth I = t and, in assumption Λ is CM, if and only if codim I = t. On the other hand codim I t and we have the equality if and only if V(I) is equidimensional of minimal possible dimension n − t. This implies immediately (4) and (5). In (6) the statement "only if" is obvious.
The statement "if" we prove by induction on i. The base of induction i = 0 is obvious. Denote Λ i = Λ/(g 1 , . . . , g i ) and let g be the class of g i+1 in Λ i . Obviously g is not invertible. Let J = Λ i g. Then in Λ i holds codim J = depth J = 1 and hence J contains an element which is not a zero divisor implying that g is not a zero divisor.
We have the following immediate corollary of Proposition 1, (5).
Lemma 2.1. Let A = k[X 1 , . . . , X n ] be the polynomial algebra, G 1 , . . . , G t ∈ A. A sequence X 1 , . . . , X r , G 1 , . . . , G t is a complete intersection for A if and only if the sequence g 1 , . . . , g t is a complete intersection for k[X r+1 , . . . , X n ], where
Filtered algebras
Let U be a filtered algebra, i.e an associative algebra over k, endowed with an increasing exhausting filtration
For u ∈ U denote by u its image in U and for a subset
Lemma 3.1. Let g = {g 1 , . . . , g t } be a sequence of mutually commuting elements of a filtered algebra U such that g = {g 1 , . . . , g t } is a complete intersection for U . Then
This filtration is exhausting, bounded below and turns K . into a filtered complex. Analogous grading turns K . (g, U ) into a complex of graded modules. By the conditions H i (g, U) = 0 for i = 0 and the p-th graded
Consider associated with the filtration F spectral sequence (E r , d r ) with the first
The only nonzero homologies of these complexes are:
. As above, considering the corresponding spectral sequences we conclude that
In commutative case we use a more precise statement.
Lemma 3.2. Let Λ be a filtered affine algebra (Λ = Λ) and g = {g 1 , . . . , g t } ⊂ Λ a sequence such that g is a complete intersection for Λ. Then g is a regular sequence.
Proof. By Proposition 1, (2) and (3) the sequence g and any its subsequence are regular. Following Lemma 3.1, (2), for the ideal
By regularity of g we obtain that g ∈ (g 1 , . . . , g i ) and hence there exists h ∈ (g 1 , . . . ,
The obtained contradiction proves the lemma.
Lemma 3.3. Let Λ be a graded affine algebra, {Λ i , i ∈ Z} the associated filtration, g = {g 1 , . . . , g t } a complete intersection for Λ consisting of homogeneous elements,
(2) The sequence {g 1 − µ 1 , . . . , g t − µ t } is a complete intersection for Λ, moreover, it is regular. (3) I µ is an ideal generated by g 1 , . . . , g t , in particular I µ = Λ. (4) If Λ is CM, then the regular map p g : Specm Λ−→ Specm Γ = k t induced by the inclusion i g : Γ ֒→ Λ is an epimorphism and dim p −1 g (µ) = n − t for any µ ∈ Specm Γ.
Proof. Statements (1) and (3) follow from Lemma 3.1, (2), while the statement (2) follows from Lemma 3.2. Applying to µ = (µ 1 , . . . , µ t ) ∈ k t (2) of this lemma and Proposition 1, (5) we obtain, that p
Proposition 2. Let U be a filtered algebra, g = {g 1 , . . . , g t } be a sequence of mutually commuting elements from U such that {g 1 , . . ., g t } is a complete intersection for U and
. . +U (g t −µ t ) and assume that the elements {g i −µ i |i = 1, . . . , t} are mutually commuting (e.g. it holds if µ i ∈ k for all i). Then
There exists a simple left U −module M generated by m ∈ M such that for every g i holds g i m = µ i m. (4) For any ν ∈ Specm Γ there exists a simple left U −module M generated by m ∈ M such that for every γ ∈ Γ holds γ · m = ν(γ)m (i.e. ν lifts to a simple U -module).
Proof. Statements (1), (2) follow from Lemma 3.1, (2). To obtain from (2) the statement (3) we consider a maximal left ideal m in U , containing I µ , and set
Corollary 1. Let U be a filtered algebra such that the associated graded algebra U is CM. If g 1 , . . . , g t are mutually commuting elements of U such that V(g 1 , . . . , g t ) ⊂ Specm U is equidimensional of codimension t, then every µ ∈ Specm k[g 1 , . . . , g t ] lifts to a simple U -module.
Proof. Follows from Proposition 2, (4) and Proposition 1, (5).
An analogue of Kostant theorem
A filtered algebra U such that U is a reduced CI algebra will be called special filtered. Due to the Poincaré-Birkhoff-Witt theorem the universal enveloping algebra of a finite-dimensional Lie algebra is special filtered. In this section we prove the following analogue of Kostant theorem ( [K] ) for special filtered algebras. Theorem 1. Let U be a special filtered algebra, g 1 , . . ., g t ∈ U mutually commuting elements such that g 1 , . . ., g t is a complete intersection for U,
Then U is a free left (right) Γ−module.
We start from the following known fact Lemma 4.1. Let V be a finite-dimensional space, Y ⊂ V a subspace, Gr r (V ) the Grassmanian of r-dimensional subspaces of V , Λ an affine algebra, F : Specm Λ−→ Gr r (V ) a regular map and
Then the set U = {µ ∈ Specm Λ | dim Y ∩ F (µ) = d} is nonempty and open in Specm Λ.
Proof. The function ϕ : . . .
n then r f (x) will denote the rank of the matrix J(f)(x). If f is a complete intersection then the ideal I = (f 1 , . . . , f k ) ⊂ A is radical if and only if for every component C of V(I) there exists an open dense U ⊂ C such that r f (x) = k for every x ∈ U (Theorem 18.15, [Ei] ).
Lemma 4.2. Leth = {h 1 , . . . , h s , g} ⊂ A, s 0, be a complete intersection such that I = (h 1 , . . . , h s ) is radical ideal. Consider the set U consisting of µ ∈ k such that the algebra A/I µ is reduced CI, where
Proof. Set X = V(I) and let X = C 1 ∪ · · · ∪ C N be the decomposition of X into irreducible components, e : X → k the regular map, e(x) = g(x), x ∈ X (hence V(I µ ) = e −1 (µ)). For any C i the image e(C i ) ⊂ k is either a point or a nonempty open subset in k.
e(C i ) consists of points µ such that dim e −1 (µ) is maximal possible, then for µ ∈ U ′ the variety V(I µ ) is equidimensional of dimension n − (s + 1) and hence h 1 , . . . , h s , g − µ is a complete intersection for A.
We can assume that the map e| Ci : C i → k is dominant for every i = 1, . . . , N . Let h = {h 1 , . . . , h s }. By the conditions for any i = 1, . . . , N there exists an open dense set U i ⊂ C i such that r h (x) = s for any x ∈ U i , i.e. there exists a s × s-minor ∆ i of J(h) which is nonzero on an open subset of C i .
Assume first that X = C 1 and ∆ = ∆ 1 is invertible in Λ. Let K be the field of fractions of Λ. If rh| X s then the column d(g)| X ∈ Λ n is a linear combination of d(h 1 )| X , . . . , d(h s )| X ∈ Λ n with coefficients from K. Moreover due to the invertibil-
Consider the element
hence d(h)| X = 0 implying that h, and therefore g is a constant on X. It follows that rh(x) = s + 1 for an open subset in X. Now consider the general case and fix i, 1 i N . Take a polynomial f which is nonzero on C = C i and vanishes on all other components of X. Set ∆ = ∆ i . Consider a sequence h
. . , X n , X n+1 ] and the ideal I ′ = (h 1 , . . . , h s , 1 + f ∆X n+1 ). Then the projection of C ′ = V(h 1 , . . . , h s , 1 + f ∆X n+1 ) on the first n coordinates identifies C
′ with an open subset C \ V(f ∆), i.e. ∆ is invertible on C ′ . Proposition 1, (6) implies that h ′ is a regular sequence. Moreover, the ring Λ ′ = A ′ /I ′ is isomorphic to the localization of Λ by f ∆| X , hence is reduced. Then as above we can prove that the rank of
Since f ∆ is invertible on C ′ we conclude that the rank of J(h 1 , . . . , h s , g) equals s + 1 on U, hence the ideal I µ is radical. The statement follows.
Lemma 4.3. Let Λ be a reduced graded CI algebra, g = {g 1 , . . . , g t } ⊂ Λ a complete intersection for Λ consisting of homogeneous elements, Γ = k[g 1 , . . . , g t ]. Then there exists an open dense U g ⊂ Specm Γ such that for any µ ∈ U g the ideal
Proof. Denote X g = {µ ∈ Specm Γ | I µ is radical}. The criterion of radicality of I µ before Lemma 4.2 implies that X g is a constructable set. Hence it is enough to show that X g is dense in Specm Γ. We proceed by induction on t. The base of induction t = 1 follows immediately from Lemma 4.2. Suppose that there exists an open dense U ′ ⊂ k t−1 such that for any µ ′ = (µ 1 , . . . , µ t−1 ) ∈ U ′ the ideal I µ ′ = (g 1 − µ 1 , . . . , g t−1 − µ t−1 ) is radical. By Lemma 3.3, (2) the sequence g 1 − µ 1 , . . . , g t−1 − µ t−1 is regular and therefore the algebra Λ µ ′ = Λ/(g 1 − µ 1 , . . . , g t−1 − µ t−1 ) is a reduced CI. By Lemma 4.2 for any such
Till the end of this section we follow closely the techniques from [Di], 8.2.3 and [O2] . In particular Lemmas 4.4 and 4.5 below are analogous to [Di] , 8.2.1, 8.2.2. Let Λ be an affine algebra. Following [Di] we say that h 1 , . . . , h k ∈ Λ are linearly independent over an ideal I ⊂ Λ, provided h 1 + I, . . ., h k + I ∈ Λ/I are linearly independent over k.
Lemma 4.4. Let g = {g 1 , . . . , g t } be a complete intersection of homogeneous elements for a reduced graded CI algebra Λ, Γ = k[g 1 , . . . , g t ] and let h 1 , . . . , h k ∈ Λ be linearly independent over I = (g 1 , . . . , g t ). Then (1) There exists an open dense set U 1 ⊂ Specm Γ such that for every µ ∈ U 1 h 1 , . . . , h k are linearly independent over I µ = (g 1 − g 1 (µ), . . . , g t − g t (µ)). (2) There exists an open dense U 2 ⊂ Specm Γ such that the restrictions of h 1 , . . . , h k on V(I µ ) are linearly independent over k for each µ ∈ U 2 .
Note that by Lemma 3.3, (3), r does not depend on µ ∈ Specm Γ and hence there is a well defined map F : Specm Γ → Gr r (Λ l ) such that F (µ) = (I µ ) l . It follows from Lemma 3.3, (1) 
Lemma 4.5. Let Λ be a graded CI algebra, g = {g 1 , . . . , g t } a complete intersection of homogeneous elements in Λ, I = (g 1 , . . . , g t ) and
In particular, Λ is a free module over Γ.
Proof. Note that H (0) = k and Im π is a Γ−submodule in Λ containing Γ and H. We prove by induction on i that
f j g j , where deg f j < i, j = 1, . . . , t. By induction, f j ∈ Im π for all j and, since Im π is a Γ-module, f I ∈ Im π, therefore f = f I + f H ∈ Im π. It is left to show that π is a monomorphism. Suppose h 1 , . . . , h k ∈ H are linearly independent over k, hence over I, and for some γ 1 , . . . , γ k ∈ Γ holds γ 1 h 1 + . . . +γ k h k = 0. By Lemma 4.4, (2) there exists an open dense set U 2 ⊂ Specm Γ such that for each µ ∈ U 2 the restrictions of functions h 1 | V(Iµ) , . . ., h k | V(Iµ) are linearly independent over k, where
g (U2) = 0 where p g is defined as in Lemma 3.3, (4). Since p −1 g (U 2 ) is dense in Specm Λ we conclude that γ 1 = . . . = γ k = 0. Now we are in the position to prove our main result.
Proof of Theorem 1. We prove the statement for U as a left module (right module structure is treated analogously). We apply Lemma 4.5 to Λ = U and the sequence {g 1 , . . . , g t }. Let I be the left ideal of U generated by g 1 , . . . , g t , Γ = k[g 1 , . . . , g t ] and H = 
The map π : Γ ⊗ k H−→ U , γ ⊗ h −→ γh preserves the filtrations and the induced graded map coincides with π. Since π is an isomorphism, we see that π is a kisomorphism which completes the proof. D1] , [C] ) can be defined as the associative algebra with generators t
(1) ij , . . . , t (p) ij , i, j = 1, . . . , n, subject to the relations
where u, v are formal variables and
These relations are equivalent to the following
where t (0) ij = δ ij and t (r) ij = 0 for r p + 1. The importance of the restricted Yangian Y p (gl n ) is motivated by the fact that any irreducible finite-dimensional representation of the full Yangian Y (gl n ) is a representation of the restricted Yangian for some p [D2] . Note that the level 1 Yangian Y 1 (gl n ) coincides with the universal enveloping algebra U(gl n ).
Set deg t (k) ij = k. This defines a filtration on Y p (gl n ). The following analogue of the Poincaré-Birkhoff-Witt theorem for the algebra Y p (gl n ) ( [C] , [Mo] ), shows that Y p (gl n ) is a special filtered algebra.
Proposition 3. The associated graded algebra Y p (gl n ) = gr Y p (gl n ) is a polynomial algebra in variables t (k) ij , i, j = 1, . . . , n, k = 1, . . . , p.
Note that the grading on Y p (gl n ) induced by the grading on Y p (gl n ), deg t 
. Also we denote
Proof. Due to Proposition 1, (3) it is enough to prove that the sequence
is complete intersection for Y p (gl n ). Let c s is a polynomial in variables X Substituting X (k) ij = 0 into the matrix X(u) we obtain that c s is the coefficient by
ii ) ∈ k np to the coefficients of the following monic
is a unique decomposition of u np in the products of monic polynomials of degree p and hence Z = {0}. This completes the proof.
Applying Theorem 1 and Lemma 5.1 we obtain the following analogue of the Kostant theorem for the restricted Yangians.
Theorem 2. For all n, p 1 the restricted Yangian Y p (gl n ) is a free module over its center.
Current algebras.
In this section we consider the polynomial current Lie algebra g = gl n (C) ⊗ C[x] and its restricted quotient algebra g m = g m (n), m > 0, by the ideal k m gl n ⊗x k ( [RT] ). We will show that the universal enveloping algebra U(g m ) is a free module over its center for any m > 0. This generalizes in the case of gl n the result of Geoffriau for Takiff algebra g 2 ([G1], [G2] ).
In [Mo] were constructed the families of algebraically independent generators of the center of U(g m ). Following [Mo] let E ij , i, j = 1, . . . , n be the standard basis of gl n , E (k) ij = E ij ⊗ x k with 1 i, j n, 0 k m − 1 a basis of g m . Set
For each k ∈ {1, . . . , mn} let r ∈ {1, . . . , m} and s ∈ {1, . . . , n} be such that k = m(s − 1) + r. Then the elements are algebraically independent generators of the center of U(g m ) ( [Mo] ). Note that U(g m ) is a special filtered algebra with respect to the standard grading, deg E (k) ij = 1 for all i, j, k.
We will show that the sequence ξ 1 , . . . , ξ mn is complete intersection for U (g m ) where As in the case of the Yangian Y p (gl n ) we complete this sequence by the elements (m−1)n which is a complete intersection by our assumption and therefore X = 0. By induction on m we conclude that the sequence ξ 1 , . . . , ξ mn is a complete intersection for U (g m ).
Applying Theorem 1 we immediately obtain the following analogue of the Kostant theorem for restricted current algebras:
Theorem 3. For all m, n 1 the algebra U(g m (n)) is a free module over its center.
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